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Folding channels and free-energy landscapes of hydrophobic-polar heteropolymers are discussed on
the basis of a minimalistic off-lattice coarse-grained model. We investigate how rearrangements of
hydrophobic and polar monomers in a heteropolymer sequence lead to completely different folding
behaviors. Studying three exemplified sequences with the same content of hydrophobic and polar
residues, we can reproduce within this simple model two-state folding, folding through
intermediates, as well as metastability. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2437204�

INTRODUCTION

The understanding of protein folding is one of the major
challenges of modern interdisciplinary science. Proteins are
linear chains of amino acids connected by peptide bonds and
typically consist of many hundreds of these acid residues.
Except proline and glycine, all amino acids occurring in
natural proteins possess a backbone with identical atomic
composition, while they differ strongly in their flexible side
chains connected with the C� carbon atom in the backbone.
Secondary structures, such as helices, sheets, and turns, are
mainly formed and stabilized by hydrogen bonds between
backbone atoms, while side chains widely influence the
three-dimensional conformation, i.e., the tertiary structure, of
the protein. Roughly, side chains can be characterized as po-
lar or hydrophobic, depending on their chemical structure.
Through attractive polarization effects with the aqueous en-
vironment, polar residues tend to form hydrogen bonds with
surrounding water molecules, whereas hydrophobic side
chains disturb the surrounding polar “network” and effec-
tively attract each other. For this reason, hydrophobic mono-
mers rather form a dense hydrophobic core in the interior of
the protein, which is surrounded by a shell of polar residues.
It is widely believed that the hydrophobic effect is the main
driving force in the folding process of proteins, which in
many cases happens spontaneously following the generation
of the genetically coded amino acid sequence in the ribo-
some.

Computer simulations of protein folding are difficult,
mainly for two reasons. Firstly, the folding process is so slow
�microseconds to seconds� that molecular dynamics simula-
tions of the whole folding trajectory are currently still impos-
sible by employing realistic protein models. Secondly, one
reason for the slow folding dynamics is the assumed funnel-
like free-energy landscape1–4 with “hidden” barriers. This

means that in many cases probably no single order parameter
or reaction coordinate exists that is suitable to describe the
folding channel�s� in the free-energy landscape. The problem
is partly due to the enormous differences in the flexibilities
of the degrees of freedom. While covalent bond lengths and
bond angles between covalent bonds are “rigid” �and fixed in
several all-atom protein models�, dihedral torsional angles
are much more flexible, although the flexibility is frequently
hindered by strong torsional barriers. In consequence, studies
of folding kinetics and thermodynamics revealing the confor-
mational transitions accompanying the folding process are
therefore also difficult using Monte Carlo methods. In par-
ticular, investigating effects of mutation and permutation of a
wild-type amino acid sequence on folding channels is very
time consuming when employing realistic protein models.
For just this purpose, simplified lattice and off-lattice coarse-
grained models were designed, some of which only incorpo-
rate two types of amino acids: hydrophobic and polar
residues.5,6 This will not allow the study of secondary struc-
tures, but it should be possible to focus on qualitative aspects
that help to systemize the understanding of tertiary het-
eropolymer folding, for example, hydrophobic-core
formation.7–13

Another widely used class of models in studies of fold-
ing cooperativity are Gō models, where the native conforma-
tion enters as input and the energy function is defined as the
similarity of a conformation with the native fold.14–20 This
and similar simple structure-stabilizing models have been
employed to gain a better insight into the folding kinetics of
an important class of proteins—the so-called two-state
folders.21–28 It should be stressed, however, that the latter
models are knowledge based, i.e., they are gauged for the
sequence considered. This is not the case in the above-
mentioned coarse-grained model used in our work.29 A big
advantage of these more physical models is that a variety of
folding behaviors can be studied, because the kinetics is not
guided towards a certain structure. This enables the compari-
son of different, related sequences and has particular impli-
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cations for non-two-state folding and metastability, the latter
primarily concerning designed synthetic peptides or mutated
biopolymers.

The main focus of this paper is on investigations of fold-
ing channels in dependence of a suitable “order” or system
parameter that allows for studies of cooperative, global
changes30,31 of the macrostates dominating the ensemble. To
this end, we employ the simplest coarse-grained off-lattice
hydrophobic-polar heteropolymer model, the so-called AB
model,6 and perform comparative studies of changes in fold-
ing channels by permuting AB sequences.

MODEL AND DEFINITIONS

For the present study, we employ the AB model6 in its
original form, with the exception that the heteropolymer con-
formations can extend into three dimensions. In this model,
only hydrophobic �A� and hydrophilic or polar �B� mono-
mers are distinguished. The reason is that these two classes
of amino acids are mainly responsible for the tertiary fold,
and the folding process is governed by the hydrophobic
forces and usually ends up in a conformation with a compact
hydrophobic core surrounded by a polar shell.

In the following, we denote the spatial position of the
ith monomer in a heteropolymer consisting of N residues by
ri, i=1, . . . ,N, and the vector connecting nonadjacent mono-
mers i and j by rij. For covalent bond vectors, we set
�rii+1�=1. The bending angle between monomers k, k+1, and
k+2 is �k �0��k��� and �i=A ,B symbolizes the type of
the monomer. In the AB model,6 the energy of a conforma-
tion is given by

E =
1

4 �
k=1

N−2

�1 − cos �k� + 4�
i=1

N−2

�
j=i+2

N � 1

rij
12 −

C��i,� j�
rij

6 � , �1�

where the first term is the bending energy and the sum runs
over the �N−2� bending angles of successive bond vectors.
The second term partially competes with the bending barrier
by a potential of Lennard-Jones type. It depends on the dis-
tance between monomers being nonadjacent along the chain
and accounts for the influence of the AB sequence on the
energy. The long-range behavior is attractive for pairs of like
monomers and repulsive for AB pairs of monomers,

C��i,� j� = 	 + 1, �i,� j = A ,

+ 1/2, �i,� j = B ,

− 1/2, �i � � j .

 �2�

Exploring this model by means of multicanonical Monte
Carlo simulations32,33 and a spherical update mechanism de-
scribed in Ref. 13, we study in the following the folding
properties of the three sequences listed in Table I. This is a
subset of deliberately designed sequences given in Ref. 34.
All sequences have the same content of hydrophobic A
�14 each� and polar B �six each� residues—only the order of
the different types of monomers is exchanged. For each
sequence, after the estimation of the multicanonical weight
factors, ten independent simulations were performed and

statistics of 2�108 conformations in each of the ten produc-
tion runs per sequence was accumulated. A detailed analysis
of thermodynamic and structural properties was recently per-
formed in a separate multicanonical Monte Carlo study.13,35

RESULTS AND DISCUSSION

The folding process of proteins is necessarily accompa-
nied by cooperative conformational changes. Although not
phase transitions in the strict sense, it should be expected that
one or a few parameters can be defined that enable the de-
scription of the structural ordering process. The number of
degrees of freedom in most all-atom models is given by the
dihedral torsional backbone and side-chain angles. In coarse-
grained C� models, as the AB model used in this study, the
original dihedral angles are replaced by a set of virtual tor-
sional and bond angles. In fact, the number of degrees of
freedom is not necessarily reduced in simplified off-lattice
models. Therefore, the complexity of the space of degrees of
freedom is comparable with more realistic models, and it is
also a challenge to identify a suitable order parameter for the
folding in such minimalistic heteropolymer models. On the
other hand, the computational simplicity of these models al-
lows for a more systematic and efficient analysis of the het-
eropolymer folding process. In Fig. 1, we show the probabil-
ity distributions pang�� ,	� of all successive pairs of virtual
bond angles �i=�−�i and torsion angles 	i for the exem-
plified AB sequence S3 at several temperatures.36 This plot
can be considered as the AB analog of the Ramachandran
map for real proteins. Although this representation is not
appropriate to describe the folding process, which will be
rather complicated for this example as described later on, a
few interesting features can already be read off from this
figure. At the temperature T=0.3, we observe two domains in
this landscape, i.e., a structural preordering has already taken
place. The distribution is noticeably peaked for bond angles
around 90° and torsion angles close to 0°, i.e., almost per-
fectly planar cis conformations are favored in the ensemble
as well as segments with bond angles between 60° and 70°
for a broad distribution of torsion angles mainly between 40°
and 100°. The reason for the large width of the torsion-angle
distribution in this region is that the temperature is still too
high for fine structuring within the conformations. Explicit
torsional barriers might stabilize these segments even at this
temperature but are disregarded in the model. Decreasing the
temperature down to T=0.1, we see that the landscape of this
accumulated distribution of the degrees of freedom becomes
very complex, and the peaks are much sharper. In fact, close
to T�0.1, we observe a conformational transition towards

TABLE I. The three AB sequences with 20 monomers used in this paper and
the values of the associated global energy minima �Ref. 35�. The two ener-
gies for S3 belong to qualitatively different conformations, which are con-
sidered in the following as almost degenerate, metastable states �cf. Fig. 3�.

Label Sequence Global energy minimum

S1 BA6BA4BA2BA2B2 −33.8236
S2 A4BA2BABA2B2A3BA2 −34.4892
S3 A4B2A4BA2BA3B2A −33.5838, −33.5116
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the formation of the ground states. Actually, the complexity
of this landscape can be understood better when considering
the folding channels in the following, where we will see that
this heteropolymer exhibits metastability and therefore rather
glassy behavior. A remarkable aspect is the formation of the
peaks in the bond-angle distribution at low temperatures
close to 60°, 90°, and 120°, as these angles are typical base
angles in face-centered cubic crystals. As this concerns only
segments of the conformations, the conformational transition
is actually not a crystallization. Concluding, distributions of
degrees of freedom are not quite useful to describe the fold-
ing process. For this reason it is necessary to define a suitable
effective system parameter.37,38 A useful choice will be dis-
cussed in the following.

In analogy to studies of the specific folding behavior in
all-atom protein models,39,40 we use here a generalized vari-
ant of the overlap order parameter as introduced in Ref. 13.
The idea is to define a simple and computationally low-cost
measure for the similarity of two conformations, where the
differences of the angular degrees of freedom are
calculated.41 In order to consider this parameter as kind of
order parameter, it is useful to compare conformations X
= �r1 , . . . ,rN� of the actual ensemble with a suitable reference
conformation X�0�, which is preferably chosen to be the glo-
bal energy minimum conformation. We define the overlap
parameter as follows:

Q�X,X�0�� = 1 − d�X,X�0�� . �3�

With Nb=N−2 and Nt=N−3 being the respective numbers of
bond angles �i and torsional angles 	i, the angular deviation
between the conformations is calculated according to

d�X,X�0�� =
1

��Nb + Nt�
��

i=1

Nb

db��i,�i
�0��

+ max��
i=1

Nt

dt
−�	i,	i

�0��,�
i=1

Nt

dt
+�	i,	i

�0��� , �4�

where

db��i,�i
�0�� = ��i − �i

�0�� ,

dt
±�	i,	i

�0�� = min��	i ± 	i
�0��,2� − �	i ± 	i

�0��� .

Here we have taken into account that the AB model is invari-
ant under the reflection symmetry 	i→−	i. Thus, it is not
useful to distinguish between reflection-symmetric confor-
mations and therefore only the larger overlap is considered.
Since −��	i�� and 0��i��, the overlap is unity, if all
angles of the conformations X and X�0� coincide, else 0
�Q
1. It should be noted that the average overlap of a
random conformation with the corresponding reference state
is for the sequences considered close to �Q��0.66. As a rule
of thumb, it can be concluded that values Q
0.8 indicate
weak or no significant similarity of a given structure with the
reference conformation.

The global energy minimum conformations for the three
sequences, which will be used as reference states X�0� in Eq.
�3�, are shown in Figs. 2�a�, 2�b�, and 3�a�, respectively. The
conformation rendered in Fig. 3�b� has a similar energy com-
pared with the one in Fig. 3�a�, but possesses a different
geometry. This means that sequence S3 exhibits a kind of
metastable behavior at low temperatures. The values of
the lowest energies associated with the conformations in
Figs. 2 and 3 are listed in Table I. These minimum energies

FIG. 2. �Color online� Lowest-energy reference conformations X�0� for se-
quences �a� S1 and �b� S2, both residing in the respective native-fold chan-
nels �N�.

FIG. 1. �Color� Bond and torsion-
angle distributions of sequence S3 at
different temperatures. The distribu-
tions of the torsion angles are reflec-
tion symmetric and therefore only the
positive intervals are shown.

FIG. 3. �Color online� Lowest-energy conformations for sequence S3, con-
sidered as �a� reference conformation X�0� �M1� and �b� alternative meta-
stable conformation �M2�, whose angular overlap with X�0� is Q�0.746.
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were identified within the multicanonical simulations and are
in perfect agreement with previous results13 from energy-
landscape paving optimizations.42

For the qualitative discussion of the folding behavior it
is useful to consider the histogram of energy E and angular
overlap Q obtained from the multicanonical simulations,

Hmuca�E,Q� = �
t

�E,E�Xt�
�Q,Q�Xt,X

�0��, �5�

where the sum runs over all Monte Carlo sweeps t. In Figs.
4�a�–4�c�, the multicanonical histograms Hmuca�E ,Q� are
plotted for the three sequences listed in Table I. Ideally, mul-
ticanonical sampling yields a constant energy distribution,

hmuca�E� = �
0

1

dQHmuca�E,Q� = const. �6�

An exemplified plot of the actual multicanonical distribution
hmuca�E� and the density of states g�E�=hmuca�E� /W�E�,
where W�E� is the multicanonical weight factor, is shown in
Fig. 5 for the sequence S1. In consequence, the distribution
Hmuca�E ,Q� can suitably be used to identify the folding chan-
nels, independently of temperature. This is more difficult

with temperature-dependent canonical distributions P�E ,Q�,
which can, of course, be obtained from Hmuca�E ,Q� by
a simple reweighting procedure, P�E ,Q�
�Hmuca�E ,Q�g�E�exp�−E /kBT�. Nonetheless, it should be
noted that, since there is a unique one-to-one correspondence
between the average energy �E� and temperature T, the re-
gions of changes in the monotonic behavior of Hmuca�E ,Q�
can also be assigned a temperature, where a conformational
transition occurs.

Interpreting the ridges of the probability distributions in
Fig. 4 as folding channels, it can clearly be seen that the
heteropolymers exhibit noticeable differences in the folding
behavior towards the native conformations �N�. Considering
natural proteins it would not be surprising that different se-
quences of amino acids cause, in many cases, not only dif-
ferent native folds but also vary in their folding behavior.
Here we are considering, however, a highly minimalistic het-
eropolymer model and hitherto it was not clear whether it
would be possible to separate characteristic folding channels
in this simple model, but as Fig. 4 demonstrates, in fact, it is.
For sequence S1, we identify in Fig. 4�a� a typical two-state
characteristics. Approaching from high energies �or high
temperatures�, the conformations in the ensemble D have an
angular overlap Q�0.7 with the lowest-energy reference
state shown in Fig. 2�a�, which means that there is no sig-
nificant similarity with the reference structure, i.e., the en-
semble D consists mainly of unfolded peptides. For energies
E
−30 a second branch opens. This channel �N� leads to the
native conformation �for which Q=1 and Emin�−33.8�. The
Q distribution at constant energies, where the main and
native-fold channels D and N coexist, exhibits two peaks
noticeably separated by a well. Therefore, the conforma-
tional transition between the channels looks first-order-like,
which is typical for two-state folding. The main channel D
contains the ensemble of unfolded conformations, whereas
the native-fold channel N represents the folded states.

The two-state behavior is confirmed by analyzing the
temperature dependence of the minima in the free-energy
landscape. The free energy as a function of the overlap pa-
rameter Q at fixed temperature can be suitably defined as

F�Q� = − kBT ln p�Q� . �7�

In this expression,

FIG. 4. �Color� Multicanonical histograms Hmuca�E ,Q� of energy E and
angular overlap parameter Q for the three sequences �a� S1, �b� S2, and �c�
S3. The different branches of these distributions are channels which the
heteropolymer can follow in the folding process towards the native state.
The native folds are located in the right corner for Q=1 and E=Emin. Fold-
ing channels are labeled as D �denatured states�, N �native folds�, I �inter-
mediates�, and M �metastable states�.

FIG. 5. Multicanonical energy histogram hmuca�E� and density of states g�E�
for sequence S1.
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p�Q0� =� DX��Q0 − Q�X,X�0���e−E�X�/kBT �8�

is related to the probability of finding a conformation with a
given value of Q in the canonical ensemble at temperature T.
The formal integration runs over all possible conformations
X. In Fig. 6�a�, the free-energy landscape at various tempera-
tures is shown for sequence S1. At comparatively high tem-
peratures �T=0.4�, only the unfolded states �Q�0.71� in the
main folding channel D dominate. Decreasing the tempera-
ture, the second �native-fold� channel N begins to form �Q
�0.9�, but the global free-energy minimum is still associated
with the main channel. Near T�0.1, both free-energy
minima have approximately the same value, the folding tran-
sition occurs. The discontinuous character of this conforma-
tional transition is manifest by the existence of the free-

energy barrier between the two macrostates. For even
smaller temperatures, the native-fold-like conformations �Q
�0.95� dominate and fold smoothly towards the Q=1 refer-
ence conformation, which is the lowest-energy conformation
found in the simulation.

A significantly different folding behavior is noticed for
the heteropolymer with sequence S2. The corresponding
multicanonical histogram is shown in Fig. 4�b� and repre-
sents a folding event through an intermediate macrostate.
The main channel D bifurcates and a side channel I branches
off continuously. This branching is followed by the forma-
tion of a third channel N, which ends in the native fold. The
unique Q=1 conformation is plotted in Fig. 2�b�. The char-
acteristics of folding through intermediates are also con-
firmed by the free-energy landscapes as shown for this se-
quence in Fig. 6�b� at different temperatures. Approaching
from high energies, the ensemble of denatured conformations
D �Q�0.76� is dominant. Close to the transition temperature
T�0.05, the intermediary phase I is reached. The overlap of
these intermediary conformations with the native fold is
about Q�0.9. By decreasing the temperature further below
the native-folding threshold close to T=0.01, the
hydrophobic-core formation is finished and stable native-
fold-like conformations with Q�0.97 dominate �N�.

The most extreme behavior of the three exemplified se-
quences is exhibited by the heteropolymer S3. The main
channel D does not decay in favor of a native-fold channel.
In fact, we observe both, the formation of two separate
native-fold channels M1 and M2. Channel M1 advances to-
wards the Q=1 conformation as shown in Fig. 3�a� and M2

ends up in a completely different conformation with approxi-
mately the same energy, which is shown in Fig. 3�b�. The
spatial structures of these two conformations are noticeably
different and their mutual overlap is correspondingly very
small, Q�0.746. It should also be noted that the lowest-
energy conformations in the main channel D have only
slightly larger energies than the two native folds. Thus, the
folding of this heteropolymer is accompanied by a very com-
plex folding characteristics. In fact, this multiple-peak distri-
bution near minimum energies is a strong indication for
metastability. A native fold in the natural sense does not ex-
ist, the Q=1 conformation is only a reference state but the
folding towards this structure is not distinguished as it is in
the folding characteristics of sequences S1 and S2. This ex-
plains also why the bond- and torsion-angle distributions in
Fig. 1 possess so many spikes, representing rather the en-
semble of amorphous conformations than a distinct footprint
of a distinguished native fold. The amorphous folding behav-
ior is also seen in the free-energy landscapes in Fig. 6�c�.
At T=0.2, i.e., above the folding transitions, the typical
sequence-independent denatured conformations with �Q�
�0.77 dominate �D�. Then, in the annealing process, several
channels are formed and coexist. The two most prominent
channels �to which the lowest-energy conformations belong
that we found in the simulations� eventually lead for T
�0.01 to ensembles of macrostates with Q�0.97 �M1�,
which are similar to the reference conformation shown in
Fig. 3�a�, and conformations with Q
0.75 �M2�. The
lowest-energy conformation found in this regime is shown in

FIG. 6. Free energy as a function of the overlap parameter at four different
temperatures for sequences �a� S1, �b� S2, and �c� S3. Note that the free
energies are only determined up to a constant F0 which was used to shift the
curves for better discrimination. Labels of the free-energy minima refer to
the folding channels in Fig. 4.
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Fig. 3�b� and is structurally different but energetically degen-
erate compared with the reference conformation.

SUMMARY

The purpose of this paper is to show that even with a
very simple coarse-grained model, the AB model,6 complex
sequence-dependent folding behavior of hydrophobic-polar
heteropolymers can be investigated. This is very advanta-
geous, since folding studies of all-atom protein models with
full force fields are very time consuming, and a systematic,
comparative study of folding channels for a set of mutants
would presently be still not feasible with realistic efforts.
Although a one-to-one correspondence with real proteins
cannot be claimed employing such a minimalistic model, it is
a useful tool for understanding general mechanisms of ter-
tiary heteropolymer folding. For this purpose, we have per-
formed multicanonical simulations for three exemplified
hydrophobic-polar sequences. It should be noted that these
sequences are a subset of 20-mers studied within a different
context34 and, therefore, were not designed for the present
study. Nonetheless, we found surprisingly complex folding
behaviors, which are, in fact, qualitatively comparable to
known characteristics of bioproteins and synthetic peptides.
Beside the typical two-state folding behavior of sequence S1,
we also observed folding through an intermediate macrostate
�sequence S2�, as well as folding into metastable conforma-
tions �sequence S3�.

Since the study of phase transitions in complex disor-
dered systems such as, e.g., diluted ferromagnets, spin
glasses, or structural glasses is successfully performed by
means of simple models, we expect that also the understand-
ing of conformational transitions of heteropolymers �which
are intrinsically disordered by the nonhomogeneous se-
quence of hydrophobic and hydrophilic monomers43–45� can
be advanced by studies of minimalistic models.
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