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We develop a convergent variational perturbation theory for quantum-statistical density matrices which is
applicable to polynomial as well as nonpolynomial interactions. We illustrate the power of the theory by
calculating the temperature-dependent density of a particle in the double-well potential to second order, and of
the electron in the hydrogen atom to first order. [S1050-2947(99)08410-3]
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I. INTRODUCTION

Variational perturbation theory [1,2] transforms divergent
perturbation expansions into convergent ones. The resulting
convergence extends to infinitely strong couplings [3], a
property which has recently been used to derive critical ex-
ponents in field theory without renormalization-group meth-
ods [4,5]. The theory was first developed in quantum me-
chanics for the path-integral representation of the free energy
of the anharmonic oscillator [6] and the hydrogen atom [2,7].
Local quantities such as quantum-statistical density matrices
have been treated so far only to lowest order for the anhar-
monic oscillator and the hydrogen atom [8,9]. Other rigorous
nonperturbative approaches to compute the energy and the
wave function of the ground state for quantum-mechanical
systems were developed some time ago [10] and also more
recently [11].

The purpose of this paper is to develop a systematic con-
vergent variational perturbation theory for the path-integral
representation of density matrices of a point particle moving
in polynomial as well as nonpolynomial potentials. By sys-
tematically taking into account higher orders, we thus go
beyond related first-order treatments in classical phase space
[12] and early Rayleigh-Ritz-type variational approximations
[13]. With the help of a generalized smearing formula which
accounts for the effects of quantum fluctuations, we can fur-
thermore treat nonpolynomial interactions, thus extending
the range of applicability of the work in Ref. [14]. As a first
application, here we calculate the particle density in the
double-well potential to second order, and then the electron
density in the hydrogen atom to first order.

II. GENERAL FEATURES

Variational perturbation theory approximates a quantum-
statistical system by perturbation expansions around har-
monic oscillators with trial frequencies which are optimized
differently for each order of the expansions. When dealing
with the free energy, it is essential to give a special treatment
to the fluctuations of the path

E(kBT/ﬁ)fg/kBTdTX(T), since this performs violent fluc-
tuations at high temperatures T. These cannot be treated by
any expansion, unless the potential is close to harmonic. The
effect of these fluctuations may, however, easily be calcu-
lated at the end by a single numerical fluctuation integral.

For this reason, variational perturbation expansions are per-
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formed for each position x, of the path average separately,
yielding an Nth-order approximation Wy(Xy) to the local
free energy Vg o(Xo), called the effective classical potential
[15]. The name indicates that one may obtain the full quan-
tum partition function Z from this object by a simple integral
over Xq just as in classical statistics,

7Veff,cl(xo)/kBTl

+oo dxg
Z= f —e (2.1)
—o \27h2IMkgT
Having calculated Wy(X,), we obtain the Nth-order approxi-
mation to the partition function,

7WN(XO)/kBT_ (22)

+oo dx,
O -
—= \2mwh?IMKkgT
The separate treatment of the path average is important to
ensure a fast convergence at larger temperatures. In the high-
temperature limit, Wy(Xo) converges against the initial po-
tential V(x,) for any order N.

Before embarking upon the theory, it is useful to visualize
some characteristic properties of path fluctuations. Consider
the Euclidean path integral over all periodic paths x(7), with
X(0)=x(A/kgT), for a harmonic oscillator with minimum at
Xm, Where the action is

ilkgT
A [X]Zf dT{%I\/I)'(Z(T)-i-%MQZ[X(T)—Xm]Z}.
Q,Xm 0
2.3)

Its partition function is

1
Ot A% =
z %Dxexp{ AV = S R R T2k T

(24)
and the correlation functions of local quantities
01(x),0,(x),... are given by the expectation values

(01 (X(71))0p(X( 7)) ++) >
1
= m é Dx O]_(X( Tl))
X O,(X(75)) -+ exp{ — AL X[ x]/#}. (2.5)
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The particle distribution of the oscillator is given by

P30 =Sl x( D)= ] — XX
4 V2mad 2a; |
(2.6)
which is a Gaussian distribution of width
2 1 th hi 2.7
H=2ma M 2k @D

the subscript indicating that we are dealing with a harmonic
oscillator. At zero temperature, thisis equal to the square of
the ground-state wave function of the harmonic oscillator,
whose width is

fi

o= 3ma @8)

In the limit #—0, from Egs. (2.6) and (2.7) we obtain the
classical distribution

Pra(X) = (X Xm)* 2.9
0 T, P 2 | Y
with
, kT
aHC|=W. (2.10)

The linear growth of this classical width is the origin of the
famous Dulong-Petit law for the specific heat of a harmonic
system. The classical fluctuations are governed by the inte-
gral over the Boltzmann factor

~MQZ(X— X)) 22K T

e (2.11)

in the classical partition function

-M Qz(x—xm)z/szT_ (2.12)

+o0 dx
- \27wh?IMKgT

From this we obtain the classical distribution (2.9) as the
expectation value:

Pua(X)=(8(x—X))5"m

oo dx
= Zalj -

- \27wh?MKgT

X 8(x—X)e MO xm?2eT  (213)

Variational perturbation theory avoids the divergence of the
harmonic width aﬁ at high temperatures in Eq. (2.10) by the
separate treatment of the fluctuations of the path average x,
as explained above. The average is fixed at some value xg
with the help of a delta function §(x—Xx,). For each x, we
introduce local expectation values
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FIG. 1. Temperature dependence of fluctuation widths of any
point x() on the path in a harmonic oscillator (12 is a square length
in units of #/M ). The quantity aZ (dashed line) is the quantum-
mechanical width, whereas afo (dash-dotted line) shares the width
after separating out the fluctuations around the path average Xg.
The quantity a2 (long-dashed line) is the width of the classical
distribution, and bﬁ (solid curve) is the fluctuation width at fixed
ends which is relevant for the calculation of the density matrix by
variational perturbation theory (see Sec. IlI).

(01(X(71))05(X( 7)) )"

_{8(X=X0) O1(X(71))05(X(7))- ) ¥n
(8(X—xg))™¥m '

(2.19)

The origina quantum statistical distribution of the harmonic
oscillator (2.6) collects fluctuations of x=x, and those
around X,, and can therefore be written as a convolution

Pu(0= [ dxoPy(xx0)Pualxa), (219

over the classical distribution (2.9) and the local one

(X_Xo)2

2
2aXO

P () =(8(x=x(7)), "= exp| -

2ma’

Xo

(2.16)

Such a convolution of Gaussian distributions as in Eq. (2.15)
leads to another Gaussian distribution with added widths, so
that the width of the local distribution is given by the differ-
ence

nQ  2kgT

2 __ _
ova | PNt wa )

2 2 _
xo_chI_acI_

a (2.17)

which starts out at the finite value (2.8) for T=0, and goes to
zero for T— oo with the asymptotic behavior 2Q/12kgT (see
Fig. 1). The latter property suppresses al fluctuations around
X and guarantees that lim_, .. Wy(Xq) = V(%) for al N.

With this separation of the path average, the partition
function

Z= %Dx exp{— A[x]/A} (2.18)
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for the general particle action
alkgT 1

A[X]= f dr| =M
0 2

possesses the effective classical representation (2.1) with the
effective classical potential

X2(7)+V(X(7)) (2.19)

12
% Dx 8(Xp—X)

kBTIn (WBT

Vit a(Xo) = —

xexp{—A[x]/h}}. (2.20)

In variational perturbation theory [2], this is expanded per-
turbatively around an xgy-dependent harmonic system with
trial frequency €)(Xq), whose optimization leads to the ap-
proximation Wy (Xg) for Vg q(Xo).

I11. DENSITY MATRIX OF HARMONIC OSCILLATOR

In the present paper we dwell on the question how this
method can be extended to the density matrix

1
P X0) = 5P Xy Xa), B

where p(Xy ,X5) is the path integral,

T)(xb,xa):f Dxexp{—A[x]/t}, (3.2)

(Xg:0)~ (X Fi/KgT)

1
(O1(X(71))02(X(73))- - >me W
b

and the distribution function is given by

me

PH(X, 7)=(6(X— X(T))>

1
\/27Tb (7')

_ (;(_Xcl( 7'))2
20 (7)

(3.7)

The classical path of a particle in a harmonic potential is

%, Snh Q7+%, Sinh Q(fi/kgT—7)

Xa(7)= Snh#Q/kgT (38
and the time-dependent width b? L(7) isfound to be
b2 A AQ  cosh[Q(27—Al/kgT)]
(1=2ma | Mt STAQTKT
(3.9

Since the Euclidean time 7 lies in the interval 0<r~
<#/kgT, the width (3.9) is bounded by
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over all paths with the fixed end points x(0)=x, and
X(f/kgT)=Xp. The partition function is found from the
trace of p(Xp,Xa):

Z= jjwdx’f)(x,x). (3.3

For a harmonic oscillator centered at X, with the action
(2.3), the path integral (3.2) can be easily done with the
result (see Chap. 2 in Ref. [2])

_,Qx

MQ 12
"(Xp 1 Xa) = )

2mh sinhAQ/kgT

MQ
~ 2h SinhAQ/KsT

X exp
X[(X2+%2)coshhQ/kgT— 2>‘<b7<a]] ,

(3.4

where we introduced the abbreviation

X(7)=X(T) =X -

(35

At fixed end points X, ,X, , the quantum-mechanical correla-
tion functions are

Dx O4(X(711))O0y(X(73)) - -exp{— AQ’Xm[X]/ﬁ},
(3.6)

19}

bz (7)< Ltanh—
H 2kgT’

S0 (3.10)

thus remaining finite at al temperatures. The temporal aver-
age of Eq. (3.9) is

kgT ﬁ/kBT

b2 kel RO keT|
H % 0

keT #Q
(3.11)

biy(7)= ZMQ(

Just as a)z(o, this goes to zero for T—o with an asymptotic
behavior #()/6kgT, which is twice as large as that of a)z(0
(see Fig. 1).

IV. VARIATIONAL PERTURBATION THEORY FOR
DENSITY MATRICES

To obtain a variational approximation for the density ma-
trix, it is useful to separate the general action (2.19) into a
trial one for which the Euclidean propagator is known, and a
remainder containing the original potential. If we were to
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FIG. 2. Temperature dependence of the width of fluctuations
around the path average xo=X at fixed ends. For comparison we
also show the width a; of Fig. 1. The vertical axis gives these
square lengths 12 in units of #/MQ again.

proceed in complete analogy with the treatment of the parti-
tion function, we would expand the Euclidean path integral
around a trial harmonic one with fixed end points x;, and X,
and a fixed path average x,, and with a trial frequency
QO (Xp,X5:Xg). The result would be an effective classical po-
tential Wy (Xp ,Xa;Xo) to be optimized in Q(Xp ,X5;Xg) . Af-
ter that we would have to perform a final integral in x, over
the Boltzmann factor expl —Wn(Xy, Xa; Xo)/KsT]-

However, because of the finiteness of the fluctuation
width bf; at all temperatures which is similar to that of af ,

the special treatment of Xx= x, becomes superfluous for paths
with fixed end points x;,,X, . While the separation of x, was
necessary to deal with the diverging fluctuation width of the
path average x, paths with fixed ends have fluctuations of the
path average which are governed by the distribution

(X Xa) =(8(Xo—X j>nxm

1 [ 1]
T—=EXP{ — 57| Xo
27Tb§o 2bx0
1 2T HQ TP
(Xb+Xa) 70 L kT (4.1)

with the width

kgT
2 B
b0 M2 tanh

RQ 2kgT|’

(4.2)

2keT 1O }

which goes to zero for both limits T—0 and T— o (see Fig.
2). At each Euclidean time, x(7) fluctuates narrowly around
the classical path x4(7) connecting x, and X,. This is the
reason why we may treat the fluctuations of x=Xx, by varia-
tional perturbation theory, just as the other fluctuations. As a
remnant of the extra treatment of x, we must, however, per-
form the initial perturbation expansion around the minimum
of the effective classical potential which will lie at some
point x,,, determined by the end points x,, and x, and by the
minimum of the potential V(x). Thus we shall use the Eu-
clidean path integral for the density matrix of the harmonic
oscillator centered at x,,, as the trial system around which to
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perform the variational perturbation theory, treating the fluc-
tuations of xq around x,,, on the same footing as the remain-
ing fluctuations. The position X, of the minimum is a func-
tion X, =Xm(Xp sXa), and has to be optimized with respect to
the trial frequency, which itself is a function Q=Q(xy,X,)
to be optimized.

Hence we start by decomposing action (2.19) as

A[X] =AY x]+ Aind X1, (4.3)
with an interaction
B
Aalx1= [ dr Vi), (4.4)
0

where the interaction potentia is the difference between the
original one V(x) and the inserted displaced harmonic oscil-
lator:

Vin()=V(x)— M Q[ x—Xpy]?. (4.5)
For brevity, we have introduced the inverse temperature in
natural units B=1kgT in Eq. (4.4). Now we evauate the
path integral for the Euclidean propagator (3.2) by treating

the interaction (4.4) as a perturbation, leading to a moment
expansion

P(Xp,Xa) =P 0 Xm(xb Xa)| 1

- = (A

2ﬁ2<A|nt[X]>Q m } (4-6)

with expectation values defined in Eq. (3.6). The zeroth or-
der consists of the harmonic contribution (3.4) and higher
orders contain harmonic averages of the interaction (4.4).
The correlation functions in Eq. (4.6) can be decomposed
into connected ones by going over to cumulants, yielding

B(% ) =P 8**m<xb,xa>exp{ (A

2ﬁ2<-/4|nt[ ]>f}bx)r(n ¢ }! (47)
where the first cumulants are defined as usua
(O1(x(T1)) " =(O1(x(r2)))e ",
(4.8)

(0L X(71))O2 (X))

=(041(X(71))02(X(72) )>“ m

me

_<01(X(T1))> <02(X Tz))>
Series (4.7) is truncated after the Nth term, resulting in the

Nth-order approximant for the quantum-statistical density
matrix



PRA 60

~ O,% ~ O,%
N m(Xb,Xa):p 0 m(xb 1Xa)

<o) 3, S0 gyt |
(4.9

which explicitly depends on both variational parameters ()
and X, .

In analogy to classical statistics, where the Boltzmann
distribution in configuration space is controlled by the clas-
sical potential V(x) according to

12
expl — BV(X)],

M

Pa(X)= (m (4.10)

we now introduce an effective classical potential
Vst a(Xp Xa) Which governs the unnormalized density ma-
trix

112
expl — BVeit,d(Xp 1 Xa) 1.
(4.11)

_ M
p(Xp,Xa) = (m

Its Nth-order approximation is obtained from Egs. (3.4),
(4.9), and (4.11) via the cumulant expansion

1 smhh,BQ
WQ “M™(Xp ,Xa) = ,3 MT
MQ

" 2hpSnhABQ
x{(7<§+7<2)cosh hBO— 2%, %,
43N
-3 n; AR
(4.12)
which is optimized for each set of end points x;, and X, in the
variational parameters Q2 and x,,, the result being denoted

by Wy(Xp,Xs). The optima values Q2(x,,x,) and
Xm(Xp ,X5) are determined from the extremality conditions

()’)Wﬁ'xm(xb,xa) ! (9WQ (X, Xa) !
90? I X

=0. (413

The solutions are denoted by 02" and xr“,i, both being func-
tions of x;, and x, . If no extrema are found, one has to look
for the flattest region of function (4.12), where the lowest
higher-order derivative disappears. Eventually the Nth-order
approximation for the normalized density matrix is obtained
from

e oM N
PN(Xo X)) =ZN P T (Xp Xa), (4.14)

where the corresponding partition function reads
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2N N

+ o0

ZN:I dXT) (NZ
In principle, one could also optimize the entire ratio (4.14),
but this would be harder to do in practice. Moreover, the
optimization of the unnormalized density matrix is the only
option, if the normalization diverges due to singularities of
the potential. Thiswill be seenin Sec. VIII B by the example
of the hydrogen atom.

V. SMEARING FORMULA FOR DENSITY MATRICES

In order to calculate the connected correlation functionsin
the variational perturbation expansion (4.9), we must find
efficient formulas for evaluating expectation values (3.6) of
any power of the interaction (4.4):

(AN = e [
intL X m:,v— X
t g’xm(xb Xa)

X2.0

iB
fo d7 ViX(7)) +Xm)

(5.1

1
X exp{ - %Aﬂvxm[m X f -

This can be done by an extension of the smearing formalism
which is developed in Ref. [7]. To this end we rewrite the
interaction potential as

Vi) +x)= |z Vi

o d)\|
XJ 2—exp{|)\|z,}

hB
X exp —J’ driNS(7— 1)X(7)],
0
(5.2)
and introduce a current
n
Jn)=2, ihNS(r—1), (5.3)
=1
so that Eq. (5.1) becomes
(ARIXD2n = J Y
+
XJ_ dz; Vin(Z+ Xpmin)
+o g\ |
><J - ep{inz} KXl 7.
(5.4)

The kernel K®*m[ J] represents the generating functional for
all correlation functions of the displaced harmonic oscillator
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Xp 1B 1 (%8 m.
KQ'Xm[J]zf DX exp ——f dr | 5X3(7)
%0 i Jo 2

+ %MQ%(Z(T)H(T)T((T) } (5.5)

For zero current J, this generating functiona reduces to the
Euclidean harmonic propagator (3.4):

KE*n[3=0]=F 5" ™(Xp Xa)- (5.6)

For nonzero J, the solution of the functional integral (5.5) is
given by (see Chap. 3 in Ref. [2])

. 1 (8
KO*n[3]=F ¢ m(xb,xa>exp{ -3 | axn

1 (%8 hp
+ —zf drf dr' ()G (7, 7")I(7)
202 )0 "~ Jo
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where xq(7) denotes the classical path (3.8) and G(r,7")
the harmonic Green function

Q 1y —
G¥(7,7") M

coshQ(|7—7'|—AB)—coshQ(7+ 7' —hB)
x Snh Q. :

(5.8

Expression (5.7) can be simplified by using the explicit ex-
pression (5.3) for the current J. This leads to a generating
functiona

KX J]1=5 5" (X ,Xa)exp( — i ATxg— $ATGN),
(5.9

where we have introduced the n-dimensional vectors A
=(\1,....Ap) " and xg=(Xg(71),..-.Xg(7n)) T, with the su-
perscript T denoting transposition, and the symmetric nXn
matrix G whose elements are G,;=G}(7,, 7). Inserting Eq.
(5.9) into Eq. (5.4), and performing the integrals with respect
to Nq,...,An, We obtain the nth-order smearing formula for

(5.7)  the density matrix
|
n QX _ - hB tee 1 _E . o —1r, _
<Aim[X]>xb,xa—|Hl [fo d f_x dz) Vin(Z+Xm) —W@(p[ 2k,|2:1 [zZk—Xa(1)]1G [Z—Xa(m)] . (B.10)

The integrand contains an n-dimensional Gaussian distribu-
tion describing both therma and quantum fluctuations
around the harmonic classical path xy(7) of Eq. (3.8) in a
trial oscillator centered at x,,, whose width is governed by
the Green function (5.8).

For closed paths with coinciding end points (x,=X,), for-
mula (5.10) leads to the nth-order smearing formula for par-
ticle densities,

1~
p(Xa)= ZP(Xa +Xa)

=% % Dx S(x(7=0)—x,) exp{— A[x]/%},

(5.11)

which can be written as

An [X] !l,Xm:
(AindxD "5 T

n #B oo
X|]':[1 [fo d7'| fﬁ dZ| Vint(Z|+Xm)

1

X e —
J(2m) " det a2

n
1 -2
exp( - Ek,|2=0 2y Z|) ,

(5.12)

with zg=%, and 7,=0. Here a® denotes a symmetric (n
+1) X (n+ 1) matrix whose elements a2 =a?( 7, 7;) are ob-
tained from the harmonic Green function for periodic paths
GP(7,7") as (see Chaps. 3 and 5 in Ref. [2])

i coshQ(|r—7'|—#BI2)

2MQ Snh#2 8012
(5.13)

h
a’(r, )= MGQ'p( 7,7)=

The diagonal elements a?=a?(r,7) represent the fluctuation
width (2.7), which behaves in the classical limit like Eq.
(2.10) and at zero temperature like Eq. (2.8).

Both smearing formulas (5.10) and (5.12) allow one in
principle to determine all harmonic expectation values for
the variational perturbation theory of density matrices and
particle densities in terms of ordinary Gaussian integrals.
Unfortunately, in many applications containing nonpolyno-
mial potentias, it is impossible to solve either the spatial or
the temporal integrals analytically. This circumstance drasti-
cally increases the numerical effort in higher-order calcula-
tions.

V1. FIRST-ORDER VARIATIONAL RESULTS

The first-order variational approximation usually gives a
reasonable estimate for any desired quantity. Let us investi-
gate the classical and quantum-mechanical limit of this ap-
proximation. To facilitate the discussion, we first derive an
alternative representation for the first-order smearing formula
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(5.12) which alows a direct evaluation of the imaginary-time
integral. The resulting expression will depend only on tem-
perature, whose low- and high-temperature limits can easily
be extracted.

A. Alternative formula for first-order smearing

For simplicity, we restrict ourselves to the case of particle
densities, and allow only symmetric potentials V(x) centered
at the origin. If V(x) has only one minimum at the origin,
then x,, will aso be zero. If V(x) has several symmetric
minima, then x,, goes to zero only at sufficiently high tem-
peratures (see Chap. 5 in Ref. [2]).

To first order, the smearing formula (5.12) reads

(A = o [ [ SV
intl XgXg O(Xa) |nt m

1 (Z2+x3)ad,— 2zx,a3,
X - = )
o 3 e
s0 that Mehler’'s summation formula
1 (x?>+x'?)(1+b?) —4xx'b
T oz P~ 2(1-b?)
1 “ b"
=exp — 5 (X*+X'2) 1 D i H(OH(X)  (6.2)
2 i=o 2"n!

leads to an expansion in terms of Hermite polynomials
H,(x), whose temperature dependence stems from the diag-
onal elements of the harmonic Green function (5.13):

)

hB
_ngo 2"n!

CHHn(xa/V2a5))

(AinlXDx x,

+o dz 2,52
XJ \/=2Vim(z)e*2’2aoo Hn(2/\/2a2)).

—® 2778.00
(6.3)
Here the dimensionless functions C}” are defined by
1 (i [a)\"
m—_—_ Zo1 4

and their temperature dependence is shown in Fig. 3). Insert-
ing Eq. (5.13) and performing the integra over 7, we obtain

n

1
2" cosh" 2 8O /2

n\ sinhz BQ(n/2—k)

C(n):
B k h BQ(n/2—Kk)

(6.5
At high temperatures, these functions of 8 go all to unity,

limcy'=1, (6.6)

B—0

whereas for zero temperature we yield
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FIG. 3. Temperature dependence of the first nine functions
cY, where B=1/kgT.
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According to Eq. (4.12), the first-order approximation to
the effective classial potential is given by

1 snhaBQ MQ f B
—Blnﬁl‘T'f' 7B tanh—+Va2(xa)

(6.8

W?(Xa) =

with the smeared interaction potential

Q 1 Q
Vaz(xa): ﬁ<“4int[x]>xa,xa' (6.9
It is instructive to discuss separately the limits 8—0 and B
—oo of dominating thermal and quantum fluctuations, re-

spectively.

B. Classical limit of effective classical potential
In the classical limit 8—0, the first-order effective clas-
sical potential (6.8) reduces to

W 9(x,) =M O2C+ limV $(x,).
B—0

(6.10)

The second term is determined by inserting the high-
temperature limit of the fluctuation width (2.10) and of the
polynomials (6.6) into expansion (6.3), leading to

limV $5(x,) = lim E S Ha(VMQ2B12x,)
B—0 p—0 n=0 2
o dz 2,2
X V. (2 e—MQ Bz°I2
f_oc ’—2_27T/|\/|Q B |nt()
XH,(VMQ?BI22). (6.11)

Then we make use of the completeness relation for Hermite
polynomials,
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o0

1, 1
—e x> ner Ha(OHA(x) = 8(x=x"), (6.12)

\/; n=0

which may be derived from Mehler's summation formula
(6.2) in the limit b— 17, to reduce the smeared interaction
potential ng(xa) to the pure interaction potentia (4.5):

iMmV 22(Xa) = Vin(Xa).
B—0

(6.13)
Recalling Eq. (4.5) we see that the first-order effective clas-
sical potential (6.10) approaches the classical one:

limW £9(x,) =V(x,).
B—0

(6.14)

This is a consequence of the vanishing fluctuation width bﬁ
of the paths around the classical orbits. This property is uni-
versal to al higher-order approximations to the effective
classical potential (4.12). Thus all correction terms with n
>1 must disappear in the limit B—0:

lg ()
lim—— 22 i (ARXDS =0

6.15
lim—=3 (6.15)

C. Zero-temperature limit

At low temperatures, the first-order effective classical po-
tential (6.8) becomes

hQ
WM )= —+ limV H(x,). (6.16)

2 B*}OO

The zero-temperature limit of the smeared potentia in the
second term defined in Eq. (6.9) follows from Eq. (6.3) by
taking into account the limiting procedure for the polynomi-
als CY" in Eq. (6.7) and for the fluctuation width (2.8). Thus
with Hy(x) =1 and the inverse length «= M /% we obtain

limV &(x )=f+mdz K—2 1/ZH (kz)?
a a i T 0

B—x
X exp{ — k22?}Vin(2). (6.17)
Introducing the harmonic eigenvalues
Ed=nQ(n+1), (6.18)
and the harmonic eigenfunctions
1 K2 1/4 55
P(x)= Tl e “X2H (kx), (6.19)

we can reexpress the zero-temperature limit of the first-order
effective classical potential (6.16) with Eq. (6.17) by
W T(xa) = Eg + (| Vinl 5 (6.20)
This is recognized as the first-order harmonic Rayleigh-
Schrodinger perturbative result for the ground-state energy.
For the discussion of the quantum-mechanical limit of the
first-order normalized density,
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~ 0
p 1(Xa)
p?(xa): lZ 2
1 Q
exp) — %<Aint[x]>xa,xa
Q
=po(Xa )

= Q 1 Q
fﬁx dx, Po (Xa)eXp( - %('Aint[x:bxa ,xa]
(6.21)

we proceed as follows. First we expand Eqg. (6.21) up to first
order in the interaction, leading to

1 +oo
P (Xa)=pg (Xa)| 1= g(mm[xbi’a,x; f ~dXapp(xa)

X(Ain XD, ) } : (6.22)

Inserting Egs. (3.4) and (6.3) into the third term in Eq.
(6.22), and assuming ) not to depend explicitly on x,, the
X5 integral reduces to the orthonormality relation for Hermite
polynomials

1

2™n! 7

so that the third term in Eq. (6.22) eventually becomes

+o0 2
fﬁ ‘dxaHn(xa)Ho(xa)e*Xaz S0, (6.23)

_fﬁ:dxaPg(xa)<-’4int[x]>f<)a,xa
o 12
=—,8Jl dz Vin(2)exp{ — k222 Ho( k2).

K2
v

(6.24)

But this is just the n=0 term of Eq. (6.3) with an opposite
sign, thus cancelling the zeroth component of the second
term in Eqg. (6.22), which would have been divergent for 8
— 00,

The resulting expression for the first-order normalized
density is

pi(Xa) = pe(xa)

1- >, p

n=1 2nn|

X CHVH(kXa)

o 2\ 12
XJ mdz(%) Vin(2)exp(— k22%)H(k2) |.

(6.25)

The zero-temperature limit of CfB“) is, from Egs. (6.7) and
(6.18),
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lim BC(BH)ZET_ﬁEj, (6.26)
n 0

B—x©
so that from Eq. (6.25) we obtain the limit

P?(Xa) = pg(xa)

1
1- 22 2n E(ﬁYH (KXa)

+oo K2 12
X f dZ( —) Vin(2)
— K

2722VH(k2)Ho(k2) |.

Xexp{— (6.27)

Taking into account the harmonic eigenfunctions (6.19), we
can rewrite Eq. (6.27) as

T (Xa) = o(Xa)|?
(U Vind ¥5)

a) —(ﬁrE =

= [ (xa) 12— 248K a>2 el
(6.28)

which isjust equivalent to the harmonic first-order Rayleigh-
Schrodinger result for particle densities.

Summarizing the results of this section, we have shown
that our method has properly reproduced the high- and low-
temperature limits. Because of relation (6.28), the variational
approach for particle densities can be used to determine the
ground-state wave function iy(x,) approximately for the
system of interest.

More recently an independent variational approach has
been proposed [11]. Another rigorous, fully nonperturbative
way to compute the energy and the wave function of the
ground state for quantum-mechanical systems was devel oped
by generalizing the WKB method to more than one dimen-
sion [10].

VIlI. SMEARING FORMULA IN HIGHER SPATIAL
DIMENSIONS

Most physical systems possess many degrees of freedom.
This requires an extension of our method to higher spatia
dimensions. In general, we must consider anisotropic har-
monic trial systems, where the previous variational param-

eter 02 becomes a D x D matrix Q2 ,, with p,v=12,...D.

A. | sotropic approximation
An isotropic trial ansatz
0%,=0% (7.2)

"%
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can give rough initial estimates for the properties of the sys-
tem. In this case, the nth-order smearing formula (5.12) gen-
eralizes directly to

o 1 s o\,
<A|nt[ ]>ra,ra_m|1;[1 [J;) dTIf d Z V|nt(zl)

1
X
’(277)“+1deta2D
1 n
xXexp — 5 > zag’z|, (7.2)
k,I=0
with the D-dimensional vectors z,= (24,25 ,...,Zp;) . Note,

that Greek labels w,v,...=1,2,....D specify spatia indices,
and Latin labels k,l,...=0,1,2,...,n refer to the different
imaginary times. The vector z, denotesr,, and the matrix a®
is the same as in Sec. V. The harmonic density reads

1 D/2
po(N=|7—=| exp -
0 2776130

B. Anisotropic approximation

D

2

232 E X
oom=1

(7.3

In the discussion of the anisotropic approximation, we
shal only consider radially symmetric potentials V(r)
=V(|r|) because of their simplicity and their major occur-
rence in physics. The trial frequencies decompose naturally
into aradial frequency (), and atransversal one () (see Ref.

[2)):

XauXay
—r""’r‘ 2 ) (7.4)

a, av
oy —QE—"‘r QT(
a

with r,=|r,|. For practical reasons we rotate the coordinate

system by x,=UX, so that r, points along the first coordi-
nate axis,
(F,=Z0=| 2 .1~ (75)
a/p— 0| 0, 2sus<D, '
and the rotated )2 matrix is diagonal
Q> 0 0O 0
0o 02 0 0
0= 0 o0 0f 0 | =uQ?u~t (7.6
0 0 0 02

After this rotation, the anisotropic nth-order smearing for-
mulain D dimensions reads
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n

AR = g —
(AL D), m

n

X exp[

The components of the longitudinal and transversal matrices
a? and a2 are

aly=at(ry,71), afy=ai(n,7), (7.8)
where the frequency ) in Eq. (5.13) must be substituted for
the variational parameters (), and Q) ¢, respectively. For the
harmonic density in the rotated system pf}”(?) which is
used to normalize Eq. (7.7), we find

12 D-1/2
QL,T(ﬂ: 1 1
D
1
Xexpl — =g Xe— = X, X5 |. (7.9)
ZaLOO 2arpu=2 *

VIIl. APPLICATIONS

By discussing the applications, we shall employ for sim-
plicity natural units with #=kg=M = 1. In order to develop
some feeling about how our variational method works, we
first approximate the particle density in the double-well po-
tential in second order. After that we approximate the
temperature-dependent electron density of the hydrogen
atom in first order.

A. Double well

A detailed analysis of the first-order approximation shows
that the particle density in the double-well potential is nearly
exact for all temperatures if we use the two variationa pa-
rameters 02 and x,,,, Whereas one variational parameter ()2
leads to larger deviations at low temperatures and coupling
strengths. For such conditions, leading to a maximum of den-
sity far away from the origin, x,= 0, the displacement of the
trial oscillator x,,, may not be supposed to vanish. Consider-
ing this, our first-order results improve those obtained in Ref.
[14]. Since the differences between the optimization proce-
dures using one or two variational parameters become less
significant in higher orders, the subseguent second-order cal-
culation is restricted to the optimization in ().

1. First-order approximation
In the case of the double-well potential

1 1 1
V(x)———w X +4gx +— (8.1

49

with coupling constant g, we obtain for the expectation of the
interaction (6.3) to first order, also setting w?=
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(277)7D(n+1)/2(det aE)*]JZ(det a_2|_)7(D71)/2

(7.7)
[
(ALXD),. "= 3 Bdo+ 391Cl3 Hi((Xa= Xm)/ V2850
+592C 2 Ho((Xa— Xm)/ v/2a5)
+503CF Ha((Xa— Xm)/\/283)
+1694Cl5 Ha((Xa—Xm)/ V285,  (8.2)

with
2,02 3 4 2 U2 1 4
Jo= —ag(Q°+1)+ 5 gag+ 3g9ag Xm+ 59X,

e
25 2™

3
—V2ag Xm+ 7 8(2850) ¥ X+ 92250 X,
g,=—a5,(Q%+1) +3gag,+ 3ga3, X2,
9329(251%0)3/2 Xm

94= gaoo

Inserting Eq. (8.2) into Eq. (6.9) and using Eq. (6.8), we
obtain the unnormalized double-well density

Q 1 O,Xx
1 M(Xa)= \/Z:WIBGXP[—BW 1 "(xa)], (83
with the first-order effective classical potential
1 snhgQ QO BQ
QX i _ _ 2 -
W "M(X,) 2In ) + B(xa Xm) < tanh 5
+ = <A.m[x]>“ o, (8.4)

After optimizing W !f’x"“(xa), the normalized first-order par-
ticle density p4(x,) isfound by dividing p,(x,) by the first-
order partition function

(8.5

1 [+=
Zl:\/mf_OC aneXp[_BWj_(Xa)].

Subjecting W ?’X”‘(xa) to the extremality conditions (4.13),
we obtain optima values for the variational parameters
Q2(x,) and X(X,). Usually there is a unique minimum, but
sometimes this does not exist and a turning point or a van-
ishing higher derivative must be used for optimization. For-
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FIG. 4. Plots of the first-order approximation W ‘f'x"‘(xa) to the
effective classical potential as a function of the two variational pa-
rameters Q2(x,) and x,,(X,) a g=0.4 and 8= 10 for two different
values of X, .

tunately, the first case is often realized. Figure 4 shows the
dependence of the first-order effective classical potential
W $¥m(x,) at B=10 and g=0.4 for two fixed values of
position x, as a function of the variational parameters
Q2(x,) and x(x,) in athree-dimensional plot. Thereby, the
darker the region the smaller the value of W ?’Xm. We can
distinguish between deep valleys (dark gray), in which the
global minimum resides, and hills (light gray). After having
roughly determined the area around the expected minimum,
one numerically solves the extremality conditions (4.13)
with some nearby starting values, to find the exact locations
of the minimum. The example in Fig. 4 gives an impression
of the general features of this minimization process. Further-
more we note that, for symmetry reasons,

Xm(Xa) = = Xm(—Xa), (8.6)

and

Qz(xa):QZ(—xa)_ (8.7)

Some first-order approximations of the effective classical
potential W, (x,) are shown in Fig. 5, which are obtained by
optimizing with respect to Q2%(x,) and xp(X,). The sharp
maximum occurring for weak coupling is a consequence of a
nonvanishing X,(X,=0). In the strong-coupling regime, on
the other hand, where x,,(x,=0)~0, the sharp top is absent.
This behavior isillustrated in Figs. 6(b) and 7(b) at different
temperatures. In Fig. 6(b) we see that for x,> 0, the optimal
Xm values lie close to the right-hand minimum of the double-
well potential, which we only want to consider here. The
minimum is located at 1/\/g~3.16.
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FIG. 5. First-order approximation of the effective classical po-
tential, W, (x,), for different coupling strengths g as a function of
the position x, a =10 by optimizing in both variational param-
eters 02 and x,,, (solid curves) in comparison with the approxima-
tions obtained by variation in Q2 only (dashed curves).

The influence of the center parameter x,, diminishes for
increasing values of g and decreasing height 1/4g of the
central barrier (see Fig. 5). The same thing is true at high
temperatures and large values of x,, where the precise
knowledge of the optimal value of x,, is irrelevant. In these
limits, the particle density can be determined without opti-
mizing in X,,, simply setting x,,=0, where the expectation
value Eq. (8.2) reduces to

(Al XD, x,= 5C7 Ha(Xal V2a5) (911 32)
+1592C%5 Ha(Xa/ 225y
+B(391+ 592+ 93),

with the abbreviations

(8.8

1
9;=—a%(Q%+1), g,=9gag, 9s=2g"

Inserting Eq. (8.8) into Eq. (6.9) and using Eq. (6.8), we
obtain the unnormalized double-well density

1
Pl(xa)= Wexp[— BWE (x2)1, (8.9)

with the first-order effective classical potential

1 snhBQ Q > B 1
Eln 30 +Exatanh7+ﬁ

W?(Xa): <Aint[x]>§<)a,xa'

(8.10)

The optimization at x,,=0 gives reasonable results for mod-
erate temperatures at couplings such as g=0.4, as shown in
Fig. 8 by a comparison with the exact density which is ob-
tained from numerical solution of the Schrodinger equation.
An additional optimization in X, cannot be distinguished on
the plot. An example where the second variational parameter
X, becomes important is shown in Fig. 9, where we compare
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FIG. 6. (a) Trial frequency Q?(x,) at different temperatures and
coupling strength g=0.1. (b) Minimum of the trial oscillator
Xm(Xa) @ different temperatures and coupling strength g=0.1.

the first-order approximation with one ({2) and two varia-
tional parameters ({2,X,,) with the exact density for different
temperatures at the smaller coupling strength g=0.1. We
observe that, with two variational parameters, the first-order
approximation is nearly exact for all temperatures, in con-
trast to the results with only one variational parameter at low
temperatures (see the curve for g=20).

2. Second-order approximation

In second-order variational perturbation theory, the differ-
ences between the optimization procedures using one or two
variational parameters become less significant. Thus we re-
strict ourselves to the optimization in Q(x,), and set X,
=0.

The second-order density

1
P 2(Xa)= Wexp[—ﬂW?(xan (8.11)

with the second-order approximation of the effective classi-

cal potential

1 snhpQ O BQ
Qry Vo TpLPRE R 2 Lol
Wz(xa)—zln 20 +’8xatanh 5

2 (ADXDE = 5s (ABIX])E
B inti Xa,Xa 2B intl Xa,Xa,C
(8.12)
requires evaluating the smearing formula (5.10) for n=1,

which isgiven in Eq. (8.8), and n=2 to be calculated. Going
immediately to the cumulant we have
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<Ai2nt[x]>§()a,xa,c: fo dTlfo d72[2(92+1)2[|22(71:7'2)
1
—la(11)15(72) _ZQ(QZ"'l)UZA(TLTz)

1
— (Tl 4(72) ]+ E92[|44(7'1,7'2)

—la(m)la(72)] 1, (8.13)
with
m 2 2
J 7+ 2Xaa0]
| =(at—at )"— exp| ————— , k=12
m( 7k) = (2o~ QoK) gjm pZa(z)o(aéo_agk) o
(8.14)
and
ln(71,72)
am " F(i1.J2) }
= _daA m+n._fex D, B E——
(AT a1 * 7 2agdeta)? 2,0

det A=ady+ 2a5,a5,a2,— a3,(ag, + ag,+as,). (8.15)
The generating function is
F(i1.i2)=ag(jT+]5) —2aiy(agi1+adi2)Xa
+2ag(ahj 1] 2+ (a1 +agy+aly) (8d 1
+a8) 2)Xa) — (8Gy) 1+ @i 2)(8Gy) 1+ A% 2

+4a%a2,a%x,). (8.16)

All necessary derivatives and the imaginary time integra-
tions in Eq. (8.13) have been calculated analytically. After
optimizing the unnormalized second-order density (8.11) in
(), we obtain the results depicted in Fig. 10. Comparing the
second-order results with the exact densities obtained from
numerica solutions of the Schrodinger equation, we see that
the deviations are strongest in the region of intermediate 3,
as expected. Quantum-mechanical limits are reproduced very
well, classical limits exactly.

B. Distribution function for the electron in the hydrogen atom

With the insights gained in Sec. VIII A by discussing the
double-well potential, we are prepared to apply our method
to the electron in the hydrogen atom which is exposed to the
attractive Coulomb interaction

(8.17)

Apart from its physical significance, the theoretical interest
in this problem originates from the nonpolynomia nature of
the attractive Coulomb interaction. The usual Wick rules or
Feynman diagrams do not alow one to evaluate harmonic
expectation values in this case. Only by the aid of the above-
mentioned smearing formula are we able to compute the
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FIG. 7. (a) Trial frequency Q2(x,) at different temperatures and
coupling strength g=10. (b) Minimum of trial oscillator X,(X,) at
different temperatures and coupling strength g=10.

variational expansion. Since we learned from the double-
well potential that the importance of the second variational
parameter r,,, diminishes for a decreasing height of the cen-
tral barrier, it is sufficient for the Coulomb potential with an
absent central barrier to set r,=0 and to take into account
only one variational parameter Q2. By doing so we will see
in first order that the anisotropic variational approximation
becomes significant at low temperatures, where radia and
transversal quantum fluctuations have quite different
weights. The effect of anisotropy disappears completely in
the classical limit.

1. Isotropic first-order approximation

In the first-order approximation for the unnormalized den-
sity, we must calculate the harmonic expectation value of the
action,

ip
Aint[r]:fo d7,Vin(r (1)), (8.18)
with the interaction potential
e’ 1
Vin(r)=— T+EFTQZF , (8.19)

where the matrix wa has the form of Eq. (7.4). Applying
the isotropic smearing formula (7.2) for n=1 to the har-

monic term in Eqg. (8.18), we easily find

4 4 4
g~ 8p Aam (2
2 4 lar

g0 g0

(rP(r)): =3 (8.20)

For the Coulomb potential we obtain the local average
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FIG. 8. First-order approximation of the double-well particle
density for =10 and g=0.4 compared with the exact particle
density from numerical solution of the Schrodinger equation. All
values are in natural units.

EAN L ¥ T
T .32 02 8 .4, a*
r(Tl) ra’ra ra aO]_ 2a00(a00_ aOl)

(8.21)

The time integration in Eg. (8.18) cannot be done in an ana
Iytical manner and must be performed numerically. Alterna-
tively we can use the expansion method introduced in Sec.
VI A for evaluating the smearing formula in three dimen-
sions, which yields

0 0 —r;/Za(z)0
. r = r -1 _
<A|nt[ :|>ra,ra [po(ra)] Wzagora

o 22" l(2n+1)! A

n=

X JO dnyim(v2aozoy)e*V2H2n+1(y)-

(8.22)

This can be rewritten in terms of Laguerre polynomials
LA(r) as

<-Aint[r]>?a,ra:

X Hony1(ra/~2ado) fo dy y?

X Vin( V285, yY2) e ILYA(y)LgA(y).
(8.23)

Using the integral formula [Ref. [16], Eq. (2.19.14.15)],
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FIG. 9. First-order particle densities of the double well for g
=0.1 obtained by optimizing with respect to two variational param-
eters 02 and x,, (dashed curves), and with only Q? (dash-dotted
line) vs exact distributions (solid) for different temperatures. The
parameter X, is very important for low temperatures.

fo dx x* e LY (ex)Lh(cx)

. (l+ y)m()\_a+1)nr(a)
B m!n!c®

X aFo(—=m,a,a—\;y+1,a—\N—n;1),
(8.24)
where (@), are Pochhammer symbols, ,F4(a,...,a,;
by,...,bq;x) denotes the confluent hypergeometric function,

and I'(x) is the gamma function, we apply the smearing
formula to the interaction potential (8.19), and find

e oo
g Z
X CEMH 0. 1(ra/2a3)

3 1
-3 2a8094r—{cg)Hl(ra/\/zago)
a

)"(2n—1)!!
"(2n+1)'

<-Aint|:r:|>?:a ra

(8.25)

1
+ gc<;>H3(ra/\/zago)].

The first term comes from the Coulomb potential, the second
from the harmonic potential. Inserting Eq. (8.25) into Eq.
(4.9), we compute the first-order isotropic form of the radial
distribution function

g(r)=\2mB%p(r). (8.26)
This can be written as
g3 (ra) =expl — BWL(r,)] (8.27)

with the isotropic first-order approximation of the effective
classical potential,
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FIG. 10. Second-order particle density (dashed) compared with
exact results from numerical solutions of the Schrodinger equation
(solid) in a double well at different inverse temperatures. The cou-
pling strength is g=0.4.

3 sthQ QZ BQ
23 ,B—Q B ratan h_+ <Amt[r]>r o

(8.28)

WE(ry) =

which is shown in Fig. 11 for various temperatures. The
results compare well with Storer’s precise numerical results
[17]. Near the origin, our results are better than those ab-
tained with an earlier approximation derived from the
lowest-order effective classical potential given in Ref. [9].

2. Anisotropic first-order approximation

The above results can be improved by taking care of the
anisotropy of the problem. For the harmonic part of action
(8.18),

Aindr]= AYr]+ Adlr], (8.29)

the smearing formula (7.7) yields the expectation value

(AT =~ 3{0%alo(CY) + 5 Halra/ V28T 0)

+20%a%,(CY' - CZh}, (8.30)

where the C{") 1, are the polynomials (6.5) with € replaced
by the longitudinal or transverse frequency. For the Coulomb
part of action (8.18), the smearing formula (7.7) leads to a
double integral

2 12

Wafoo(l_aﬁ)
2 4 -1
1 aTg(l—a7)
< d)\{lﬂ\z %_1”
0 aoo(1—a)

r2af\? ]
2aLoo(l_aL) '

(Ac:[r]>QL T=- thﬁdn
0

X exp{ - (8.30)

with the abbreviations
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FIG. 11. Radial distribution function for an electron-proton pair.
The first-order results obtained with isotropic (dashed curves) and
anisotropic (solid line) variational perturbation theory are compared
with Storer’s numerical results [17] (dotted line) and an earlier ap-
proximation derived from the variational effective classical poten-
tial method to first order in Ref. [9] (dash-dotted line).

2 2
A 00 atoo

al=——, ai=— (8.32)
A 01 ato1

The integrals must be done numerically and the first-order
approximation of the radial distribution function can be ex-
pressed by

g?L,T(ra) =exp[ — ,BW?L'T(Fa)]i (8.33)
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with

1 snhpQ, 1 snhpQ;
—In——+-=-In—"7—
28 B B By

Q. 1
2 =+ 5 {Andr)

Wy T(r) =

Q7

ra,ra

(8.34)

Q
+ —Lrgtanh

B

Thisis optimized in Q0 (r,),Q+(r,), with the results shown
in Fig. 11. The anisotropic approach improves the isotropic
result for temperatures below 10* K.

IX. SUMMARY

We have presented variational perturbation theory for
density matrices. A generalized smearing formula which ac-
counts for the effects of thermal and quantum fluctuations
was essential for the treatment of nonpolynomial interac-
tions. We applied the theory to calculate the particle density
in the double-well potential, and the electron density in the
Coulomb potential, the latter as an example of nonpolyno-
mial application. In both cases, the approximations were sat-
isfactory.
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